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Abstract

A hierarchy of approximate methods is proposed for solving the equations of motion within a
framework of the mixed quantum/classical theory (MQCT) of inelastic molecular collisions. Of
particular interest is a limiting case: the method in which the classical-like equations of motion for the
translational degrees of freedom (scattering) are decoupled from the quantum-like equations for time
evolution of the internal molecular states (rotational and vibrational). In practice, trajectories are precomputed during the first step of calculations with driving forces determined solely by the potential
energy surface of the entrance channel, which is an adiabatic trajectory approximation. Quantum
state-to-state transition probabilities are computed in the second step of calculations with an
expanded basis and very efficient step-size adjustment. Application of this method to H2O +
H2 rotationally inelastic scattering shows a significant computational speedup by 2 orders of
magnitude. The results of this approximate propagation scheme are still rather accurate, as
demonstrated by benchmarking against more rigorous calculations in which the quantum and classical
equations of motion are held coupled and against the full-quantum coupled-channel calculations from
the literature. It is concluded that the AT-MQCT method (the adiabatic trajectory version of MQCT)
represents a promising tool for the computational treatment of molecular collisions and energy
exchange.

Introduction

Inelastic collisions of molecules with atomic gasses(1−4) with other gas-phase molecules(5−9) or with
solid surfaces(10−15) lead to the energy exchange between translational, rotational, and vibrational
degrees of freedom, which is a fundamentally important phenomenon in the field of chemical physics.
On the applied side, the inelastic molecular collisions play critical roles in many processes that span a
huge range of sizes and time scales from the man-made microtraps(16−19) to the galaxy and extragalactic sizes.(20−24) Therefore, theoretical prediction of inelastic cross sections has been and still is
actively pursued, including practical applications of well-known codes to more and more complex
molecular processes,(3,4,18,25−27) development of new computational tools,(28−31) and exploration
of new theoretical methodologies.(32−37)

In the last decade, we developed the mixed quantum/classical theory of inelastic molecular
scattering(22,38−42) and implemented this method in a recently released ready-to-use code named
MQCT.(31) Our method is approximate, but it appears to work well in a wide range of collision regimes
and for a broad variety of molecular systems.(22,41,43−45) It offers significant computational
advantages both in the overall CPU cost required to solve the inelastic scattering problem (due to a
simplified physics) and in the user’s wall-clock time (enabled by efficient massive parallelization).
Within the framework of MQCT, the internal molecular degrees of freedom are treated quantum
mechanically using the time-dependent Schrödinger equation. Therefore, this method takes into
account many quantum features of molecular rotations and vibrations, such as state quantization and
zero-point energy preservation,(46) symmetry restrictions on allowed and forbidden
transitions,(31) propensities of state-to-state transition cross sections,(36) quantum interference
effects,(47) and several other quantum features that we keep investigating. At the same time, the
translational motion of colliding partners responsible for their scattering in space is treated classically
within the Ehrenfest mean-field trajectory approach.(48,49) This simplification was found to work well
even for the lightest collision partners such as the He atom and H2 molecule in a broad range of
collision energies.(31,40,43,45) Since the quantum treatment of scattering is avoided, the mixed
quantum/classical method enables an affordable computational treatment of heavier collision partners
and/or at higher collision energies, the limits when the standard full-quantum methods are not
affordable computationally anymore.
In the last few years, our efforts were focused mainly on proving to ourselves and to the community
that the mixed quantum/classical methodology can be sufficiently accurate and thus practically useful.
Namely, we demonstrated that, for many molecules, the results of MQCT calculations become nearly
identical to the full-quantum results in the range of high collision energies,(38,40,42) which is a
theoretically important limiting case and a practically important collision regime. Moreover, we
showed that the results of MQCT remain reasonably accurate even at low scattering energies near the
excitation threshold,(31) which historically was thought of as a quantum scattering regime, not
amenable to any semi-classical treatment. At this point, it becomes clear that MQCT represents a
generally reliable method with a potential of becoming a practical alternative to the full quantum
description of molecular inelastic scattering (except, perhaps, in the ultracold physics conditions).
One interesting feature of the MQCT formalism is that it includes the Coriolis coupling effect in a mixed
quantum/classical fashion through transitions between the (quantum) states with different projections
of the molecular angular momentum that are driven by the (classical) orbital angular momentum of
the relative motion of collision partners. This most rigorous version of MQCT calculations was named
CC-MQCT by analogy with a well-known quantum coupled-channel (CC) method that is considered to
be exact. In addition to CC-MQCT, we also developed and tested an approximate version of MQCT in
which the Coriolis coupling is neglected, leading to a simpler set of equations of motion propagated at
a reduced numerical cost. This is a mixed quantum/classical analog of a well-known coupled-states (CS)
approximation,(50−54) and therefore, we named our approximate MQCT version as CS-MQCT.(40) We
found that it gives acceleration by an order of magnitude, which is quite attractive. Unfortunately, we
also found that, for some molecules, the results of CS-MQCT deviate appreciably from the results of
more rigorous CC-MQCT and more so at low collision energies.(40) Again, this is analogous to the

performance of the full-quantum, coupled-states method that is known to be less reliable at lower
collision energies.
Therefore, it makes sense to examine other alternative methods for the computational treatment of
inelastic molecular scattering (and for the description of rotational–vibrational–translational energy
exchange in general) still within the MQCT framework but such that solves the problem in an
approximate way and hopefully at a fraction of the computational cost. At the moment, this territory is
largely unexplored, and we envision a development of a hierarchy of approximate methods of solving
the MQCT equations of motion.
In this methodological paper, we introduce one such option that we want to name AT-MQCT where
the prefix stands for the adiabatic trajectory version of MQCT. This approximation is specific to the
time-dependent mixed quantum/classical theory, and thus it does not have any direct quantum
analogue to our best knowledge. In this method, the classical and quantum equations of motion are
decoupled in a sense by conducting MQCT calculations in two consecutive steps. During the first step,
the molecular basis size is restricted to the degenerate states of the initial rotational channel only (with
different projections of the molecular angular momentum). This information is recorded and used
during the second run to propagate the quantum equations of motion along this pre-computed
adiabatic path. The Coriolis-like coupling terms are included in both steps of such calculations, which
preserves an important physical effect in contrast to the CS approximation where it is entirely
neglected.
In the Theory section, we review the formalism of MQCT and introduce the AT-MQCT version of the
method. In the section Results, we apply this theory to the H2O + H2 system and demonstrate that it
produces the systematically reliable and rather accurate results. The new method is benchmarked
versus the well-established CC-MQCT version but also versus the full-quantum CC calculations of
Dubernet and co-workers for the same system.(24) In the Discussion section, we determine the
acceleration due to the adiabatic trajectory approximation, which approaches the factor of ×200,
making these mixed quantum/classical calculations relatively cheap. Opportunities for further
development of a hierarchy of approximations within MQCT are also discussed. Conclusions are
presented in the final section of the paper.

Theory

Rigorous derivation and detailed discussions of the MQCT equations of motion can be found in the
recent literature.(31,41) Here, we give just a brief summary.

MQCT Equations of Motion

Imagine two collision partners (can be molecule + atom, but generally molecule + molecule) at the
beginning of their collision event, separated by distance Rmax. As time goes, the intermolecular
distance R shortens, but then, as molecules scatter and start leaving the interaction region, it increases
again. The collision is over when R reaches the initial value of Rmax. The deflection process can be
thought of as rotation of the vector R⃗ in the laboratory-fixed center-of-mass reference
frame(31,39,41) and is described by the azimuthal angle Φ. Time evolution of these continuous
classical variables R and Φ and of their conjugate momenta PR and PΦ is described by the classical-like
equations of motion:(31,41)
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In these formulas, 𝜀𝜀𝑛𝑛𝑛𝑛′ describes energy differences between the initial (lower index) and the final
(upper index) internal states of the system, say rotational or ro-vibrational states with
energies En and 𝐸𝐸𝑛𝑛′ . Index m labels projections of the total molecular angular momentum j (often
called 𝑗𝑗12) onto the molecule–molecule axis 𝑅𝑅�⃗. Summation in eqs 3 and 4 is over all quantum states of
the system. Time evolution of probability amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡), for these molecular quantum states
(rotational and ro-vibrational) is described in the body-fixed reference frame, tied to the molecule–
molecule vector 𝑅𝑅�⃗, and is given by the following quantum-like system of coupled equations:(31,41)
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The second term in eq 5 describes transitions between the rotational states with Δm = ± 1, driven by
the classical orbital angular velocity, Φ�, which is the Coriolis coupling effect. The first term in eq
5 includes the potential coupling matrix 𝑀𝑀𝑛𝑛𝑛𝑛′ with real-valued, time-independent elements that depend
on R and m (these dependencies are omitted in the equations above for transparency). Efficient
methodologies for generation of the initial conditions for MQCT trajectories and for constructing cross
sections from the final values of probability amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 , have been discussed in the recent
literature and will not be repeated here.(22,31,39,41,47)

Adiabatic Trajectory Approximation

Formulas 1–5 represent a system of coupled differential equations of the first order. Note that the
classical system of eqs 1–4 and the quantum system of eq 5 contain the same variables and thus are
coupled. In the most rigorous MQCT treatment, they are propagated in time all together. Such a
straightforward approach was implemented in the released version of MQCT.(31)
Although the mixed quantum/classical treatment is more affordable than the full quantum treatment,
there are still molecular systems and collision conditions where even the MQCT calculations become
computationally demanding. Let us consider the H2O + H2 system covered in this paper. Assume that,
in the basis for para-H2O molecule, we want to include the lowest 45 rotational states with the upper
state j1= 8 at 1442.095 cm–1 (ka= 6, kc= 2) and the largest value of j1= 11 at 1332.166 cm–1 (ka= 1, kc=
11), whereas for the para-H2, we want to include two rotational states with the upper state j2 = 2 at
365.118 cm–1. This gives us 90 energetically non-degenerate asymptotic rotational states overall in the
basis for the H2O + H2 system. Within each of these asymptotic states, the complete basis contains
all 𝑗𝑗12 states in the range |j1 – j2| ≤ 𝑗𝑗12 ≤ j1 + j2 that here we will call the channels. In the example
above, the largest value of the total molecular angular momentum is 𝑗𝑗12= 13, and there are 264
channels overall. Within each molecular channel, there are 2𝑗𝑗12 + 1 projection states with different
values of m. Altogether, this gives 3486 unique quantum states in the basis and a huge state-to-state
transition matrix 𝑀𝑀𝑛𝑛𝑛𝑛′ (R; m). In the MQCT code,(31) zero matrix elements are identified and excluded,
but still, for the example above, the number of unique non-zero matrix elements included in the triplesummation of eqs 3 and 4 is 336,595, which represents a numerical challenge since these summations
need to be re-computed at each time step (several times) along each trajectory. Indeed, from the
extensive profiling of MQCT calculations, we found that over 50% of the total numerical effort was
used to compute the right-hand sides of eqs 3 and 4 and over 65% to propagate eqs 3 and 4 despite
the fact that these are just two equations in a huge system of coupled differential equations (6976
equations in total in our example; out of which, 4 are for the classical degrees of freedom, while 6972
are for the real and imaginary parts of 3486 quantum probability amplitudes).
It is also important to realize that, when computed, the triple summations in the right-hand sides of
the classical equations produce just two numbers, the average gradient for eq 3 and the average
torque for eq 4. How sensitive are these average values to the contribution of each term in the sum?
Do we really need to take into account all these terms? Can we neglect the contributions of some
terms? Which terms contribute more and thus must be retained? Clearly, more than one truncation
scenario is possible here depending on the answers to these questions, and we will discuss various
alternatives in detail further below (see Discussion). Here, we will propose and test a simple solution
that, in a sense, goes to the extreme. It is discussed next.

It is clear that the largest contributions to the right-hand sides of eqs 3 and 4 will normally come from
the most populated states, those with larger values of probability amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡). For many
molecular systems and many collision conditions, the inelastic transition probabilities are relatively
small, and thus the survival probability (in the initial channel) is dominant. Therefore, one simple way
to truncate the sum in eqs 3 and 4 is to retain only the states of the initial channel. This can include all
the degenerate m states since the number of such states within one channel is usually manageable,
2𝑗𝑗12 + 1. With this choice, the MQCT trajectories will be driven by the potential energy surface
associated with one quantum channel only (the initial channel), rather than by the average Ehrenfest
potential. Such trajectories are not sensitive to excitation or quenching of the initial state and, strictly
speaking, are not the mean-field trajectories anymore. These are adiabatic trajectories, which suggests
the name AT-MQCT for this approximation.
Using truncation of the right-hand sides in eqs 3 and 4, one could still hold the overall system of MQCT
equations (eqs 1–5) coupled as before to propagate in time all the equations of motion together, or,
alternatively, one could go beyond just truncation and, following the spirit of the adiabatic ansatz, try
to completely decouple the propagation of four classical equations of motion, eqs 1–4, from the huge
system of quantum coupled equations, eq 5. In practice, this can be implemented as follows:
1. In the first run, propagate all MQCT equations of motion rigorously coupled as before
but using an adiabatic basis that includes only 2𝑗𝑗12 + 1 states (labeled by m in eqs 1–
5 above) of the initial quantum channel. Since the basis is small, such MQCT
calculations would be trivial for any molecular system without any other
approximations. The existing MQCT code can be used without modifications. These
would be adiabatic MQCT calculations since no rotational excitation or quenching of
the internal molecular states is possible within such a basis, but the goal is to record
the trajectory data as a function of time and to use this information during the second
run. For example, one can record all classical variables: R(t), Φ(t), PR(t) and PΦ(t), or
one can record only R(t) and Φ�(t) that are specifically needed in the second run. As
you will see, it is also beneficial to record average potential V(t) along the trajectory.
2. In the second run, the basis is increased to the desired size in order to describe all the
state-to-state excitation and quenching transitions (e.g., 90 states in the H2O +
H2 example above), but now only the quantum system of coupled equations is
propagated in time, using eq 5, to determine the evolution of probability
amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡). The value of R for the state-to-state transition matrix 𝑀𝑀𝑛𝑛𝑛𝑛′ (R; m)
and the value of Φ� for the Coriolis coupling (in the first and second terms of eq 5,
respectively) are “borrowed” from the adiabatic trajectory data saved during the first
run (e.g., using a 1D spline along the trajectory, which is a computationally cheap
trick). Only minor technical modifications to the code are needed.
Of course, such decoupling of classical and quantum degrees of freedom in the AT-MQCT method is an
approximation that needs to be tested by numerical simulations (see the next section). One downside
of this assumption is that the total energy of the system is not conserved anymore. However, the norm
of the wavefunction is still conserved and can be monitored to ensure the convergence of numerical
integration. One important advantage of this method, compared to the CS-MQCT approximation, is

that the Coriolis coupling terms in eqs 4 and 5 are included in both steps of the AT-MQCT calculations:
in the first adiabatic step as well as in the second non-adiabatic step.

Adiabatic Step-Size Predictor

The previously released version of MQCT(31) had a fourth-order Runge–Kutta integrator built in for the
propagation of the total system of coupled equations: the classical eqs 1–4 and the quantum eq
5 altogether. By default, the constant step-size was used with an option of adaptive step-size control
from Numerical Recipes.(55) We found, however, that the adaptive step-size control routine gave
advantage only for the molecular systems with a long-range interaction potential, such as H2O +
H2O.(31,36,41) For other cases, such as the H2O + H2 system considered here, the “black-boxed” stepsize control gave no noticeable increase of performance. However, we realized that the adiabatic
trajectory approximation introduced above gives us an opportunity to implement a very efficient
method for the variable-step integration of the quantum system of equations, eq 5, propagated during
the second step of the AT-MQCT calculations (which is the only costly part of new method). For this,
we can take advantage of the V(t) dependence recorded along the adiabatic trajectory in the first step
of AT-MQCT calculations.
Indeed, the form of the right-hand side of eq 5 suggests that the time-evolution of probability
amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡), is driven by the magnitudes of matrix elements, 𝑀𝑀𝑛𝑛𝑛𝑛′ (R; m), as molecule–molecule
separation R(t) first decreases and then increases along the trajectory. Although individual matrix
elements, 𝑀𝑀𝑛𝑛𝑛𝑛′ , change slightly differently as a function R, the potential V(t) recorded during the first
step gives us a reasonable prediction of their overall behavior (as they increase from the asymptotic
region to the interaction region). Importantly, the numerical error of integration is also expected to
depend on the magnitude of matrix elements, 𝑀𝑀𝑛𝑛𝑛𝑛′ , and therefore the variable integration step-size
Δt may be efficiently predicted using the V(t) dependence.
If we keep using the fourth-order Runge–Kutta method in which the integration error I is proportional
to Δt4 and also take into consideration that the numerical error is proportional to the interaction
potential V(t), we can write

(6)
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where α is a proportionality coefficient that takes care of units and Ṽ is the average value of V(t) during
the time step Δt. This average can be computed, for example, by taking N tiny steps, τ, through the
interval Δt from t to t + Δt:
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Then, Δt = Nτ. The goal is to vary Δt as Ṽ changes along the trajectory in such a way that the numerical
error remains constant, for example, does not exceed a specified value of Imax. This is achieved by the
setting based on eq 6:
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From eqs 6 and 7, it follows that this can be implemented by taking tiny steps τ along the trajectory,
accumulating the predicted value of error
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and monitoring that, within each time step, it does not exceed Imax/α. The value of Imax can be defined
by considering a hypothetic trajectory with a very weak interaction such that the potential remains
negligibly small at any moment in time: V(t)<Vtiny. In this case, the integration of the entire trajectory
can be done in one step, Δt = T where T is the duration of trajectory (the time t when the molecule–
molecule separation reaches Rmax, also determined in the first step of AT-MQCT propagation). From
these considerations and using eq 6, we obtain

(10)
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It is more convenient to introduce a unitless measure of precision:
4

(11)

Є= �

𝑉𝑉tiny
𝑈𝑈

where U is a characteristic value energy, say, the kinetic energy of collision. The values of kinetic
energy in typical MQCT calculations vary in the range from 1 to 10,000 cm–1. The typical values of ϵ are
0.01 and below, say, down to 10–5. With these definitions, the final formula for the variable time-step
is obtained from eqs 8, 10, and 11:
𝑟𝑟
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We checked by extensive calculations and confirmed that this method of step-size prediction works
efficiently along the entire trajectory (as it goes from the asymptotic range to the interaction region
and back) and for all trajectories in the batch (from the most intense head-on collisions to the more
typical side-scattering and forward scattering and the asymptotic trajectories that barely touch the
interaction region). Varying one convergence parameter ϵ permits us to achieve monotonic
convergence for all trajectories in the batch, which is very convenient and numerically efficient.
We checked and found that our step-size prediction works for a broad range of collision energies, but
the value of ϵ needs to be adjusted. Namely, at higher energies, the collision is faster, so the time step
needs to be reduced, according to ∆𝑡𝑡 ≈ 1/√𝑈𝑈. This relationship occurs simply because Δt =
ΔR/v where velocity depends on collision energy as 𝑣𝑣 = √2𝑚𝑚𝑚𝑚. Thus, if we want the integration to
proceed with roughly the same steps through space (through the potential energy surface) at different
energies, we have to adjust the time step accordingly. This adjustment is analytic, and we found a
simple way to scale the value of ϵ inside the code (without user’s intervention) to take this effect into
account. We also found, by trial and errors, that, at the very low collision energies, a higher accuracy is
needed, and the value of ϵ has to be reduced too. Based on our experimentations with the H2O +
H2 system, we derived an empirical dependence of this effect and have also hardcoded it into the
MQCT program. As it stands now, the user can enter one single value of ϵ that will guarantee the same
level of accuracy for all AT-MQCT trajectories at all collision energies. For the H2O + H2 system, we
observed that, as the value of ϵ is reduced, all AT-MQCT trajectories converge monotonically. We hope
that this behavior is general and plan checking the performance of the adiabatic step-size predictor for
other molecular systems in the near future.
To avoid confusion, we would like to stress one more time that this adiabatic predictor scheme
is not used to propagate the classical-like equations of motion (eqs 1–4). This method is used only for
the quantum-like eq 5 for evolution of probability amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡), along the precomputed
trajectories. While classical equations of motion include the gradient of potential (the force), the
quantum time-dependent Schrödinger equation includes the potential itself. This difference manifests
in eqs 3 versus 5 where the right-hand side of the first (classical-like) formula contains gradients of
matrix elements, while the right-hand side of the second (quantum-like) formula contains matrix
elements themselves.

Results

In order to benchmark the accuracy and performance of the newly developed approximate AT-MQCT
methodology, we carried out a series of calculations for a reasonably complex real molecular system of
astrophysical importance, H2O + H2. It was studied in the past by various groups,(24,56) and a fair
amount of data are available in the literature. In order to make the comparison meaningful, we used
the same potential energy surface.(24)

Comparison of AT-MQCT versus CC-MQCT

The initial distance between the collision partners was set to Rmax = 30a0, and the maximum impact
parameter was selected as bmax = Rmax at all collision energies (which automatically defines the
maximum value of the orbital angular momentum at each collision energy). The range of collision

energies covered in this test was from 20 to 7000 cm–1. The rotational basis incorporates 20 asymptotic
rotational states of H2O + H2 with energies below 500 cm–1, which includes 4 states with hydrogen
molecules excited to j2 = 2. For water, the upper rotational state in this test was 440, where two
subscripts stand for ka= 4 and kc= 0, of j1= 4. The standard CC-MQCT calculations that are expected to
serve as a reference and thus need to be perfectly converged were carried out in a standard way using
the RK4 integrator with a constant time-step set to a rather small value, Δt = 10a. u. Convergence of
the approximate AT-MQCT calculations with an adiabatic step-size predictor was also rigorously
checked by varying the value of ϵ. The results presented in Figures 1 and 2 are found to be entirely
converged when ϵ= 10–3.

Figure 1. Comparison of results of the new approximate AT-MQCT method (green dots) against the full-coupled
CC-MQCT calculations (red symbols) for the initial state 0000 of the H2O + H2 system. Final states are listed along
the horizontal axis. The values of collision cross sections are plotted along the vertical axis using the log scale.
Eight frames correspond to eight values of the kinetic energy as indicated. Twenty rotational states of the basis
include both ground and excited rotational states of H2.

Figure 2. Same as Figure 1 but for the initial state 1110 of the H2O + H2 system, which is the first excited
rotational state.

First, we looked at the excitations from the ground rotational state of the system, H2O (j1 = 0) + H2 (j2 =
0), which we denote here as 0000. Figure 1 reports cross sections for 20 transitions, including the elastic
channel, for eight values of collision energies (one may notice that, at lower collision energies, some
channels are closed). One can see that results of the approximate AT-MQCT (green symbols, dashed
lines) follow closely the trend of the benchmark CC-MQCT data (red symbols, solid lines) through all
transitions and all collision energies systematically. We did not see even one transition when the
adiabatic trajectory approximation would fail miserably. It should be emphasized that the values of
cross sections vary through 7 orders of magnitude, and still, the results of the approximate AT-MQCT
method remain very close to the results of the original CC-MQCT method. At higher energies, the

agreement is generally better, which is somewhat counterintuitive since one would expect that the
error of adiabatic trajectory approximation (single-state) may increase together with possibilities of
multiple-state excitations enabled by higher collision energies, but this does not happen. Higher errors
are found at lower collision energies when only a few channels are open and for lower rotational
states, which is also somewhat unexpected.
Next, we looked at the quenching and excitations of the first excited rotational state of water, H2O (j1 =
1, ka = 1, kc = 1) + H2 (j2 = 0), which we denote here as 1110. Figure 2 reports cross sections for
transitions into the same 20 states of the basis at the same collision energies as in Figure 1 (with all the
same convergence parameters chosen). These data again indicate an excellent systematic agreement
between the approximate AT-MQCT method (green symbols, dashed lines) and the benchmark CCMQCT method (red symbols, solid lines) through all transitions, all collision energies, and 7 orders of
magnitude of cross-section values.
A different viewpoint is obtained by plotting the values of cross sections as a function of collision
energy. This is done in Figure 3 for transitions into the five lower energy states of H2O + H2, starting
from the ground state 0000, and in Figure 4 for the rotationally excited initial state 1110. In these
figures, different colors correspond to different transitions. Vertical dashed lines indicate energy
thresholds of the individual processes. From Figures 3 and 4, we can see clearly that the results of the
adiabatic trajectory approximation do approach monotonically the results of the full-coupled MQCT
calculations as the collision energy is increased. Larger deviations are found at lower collision energies,
often at threshold. The positions of thresholds are correctly captured by the approximate AT-MQCT
method, but the values of cross sections just above the threshold are usually underestimated. For the
transitions plotted in Figures 3 and 4, the largest underestimations of this kind are by approximately
40%, found for transitions 000 → 111 and 111 → 202 near their thresholds at collision energies 37.158
and approximately 33.001 cm–1, respectively.

Figure 3. Comparison of results of the new approximate AT-MQCT method (empty circles, solid line) against the
full-coupled CC-MQCT calculations (filled symbols, dashed lines) for the initial state 0000 of the H2O + H2 system.
The values of collision cross sections are plotted along the vertical axis using the log scale. The kinetic energy of
collision (including Billing’s correction) is plotted along the horizontal axis. Colors correspond to five different
final rotational states as indicated in the picture. Excitation thresholds are shown by the vertical dashed lines.

Figure 4. Same as Figure 3 but for the first excited state 1110 of H2O as the initial channel.

To summarize, the results of adiabatic-trajectory approximation within the MQCT framework appear to
be systematically accurate, particularly at higher collision energies. When it concerns only the
trajectory of collision, we do not lose much by restricting the basis size to include only the states of the
initial quantum channel. Such an approach is found to be less accurate at the limit of low collision
energies, near the process threshold, but this collision regime is often amenable to the full-quantum
treatment of scattering, which we discuss next.

Comparison of AT-MQCT versus the Full-Quantum CC Method

For the H2O + H2 system, the results of full-quantum coupled-channel calculations are available from
the detailed work of Dubernet and co-workers.(24) In addition to thermal rate coefficients, they also
reported the energy dependencies of cross sections for a number of individual state-to-state
transitions. Their results are reproduced in Figure 5 (with permission of the author). For the same
transitions, we carried out the approximate AT-MQCT calculations. In those, all the convergence
parameters were kept as in the previous test, except that the rotational basis size was dramatically
increased to match the basis size in the calculations of Dubernet and co-workers at higher collision
energies. Namely, 90 asymptotic rotational states of H2O + H2 with energies below 1810 cm–1 were
included with two states of the hydrogen (j2 = 0,2) and the states of water up to 862. In Figure 5, four
colors correspond to four state-to-state processes in H2, two elastic ones: 0 → 0 (black) and 2 → 2
(blue), one quenching 2 → 0 (green) and one excitation 0 → 2 (red). Three initial states of water are
considered: 202 (three frames on the left side), 322 (three frames in the middle of the picture), and

440 (three frames on the right side). The final states of water are different for each frame as indicated
in the figure caption and include 000, 111, 202, 211, 331, and 524.

Figure 5. Comparison of results of the new approximate AT-MQCT method (dashed lines) against the fullcoupled CC-MQCT calculations (solid lines) of ref (24) for the H2O + H2 system. The values of collision cross
sections are plotted along the vertical axis, while the kinetic energy of collision is plotted along the horizontal
axis, both in the log scale. Black, red, green, and blue colors are for 0 → 0, 0 → 2, 2 → 0, and 2 → 2 transitions in
H2, respectively. In H2O, the transitions are from state 211 to states (1a) 000, (1b) 111, and (1c) 202; state 322 to
states (2a) 000, (2b) 111, and (2c) 211; and from state 440 to states (3a) 111, (3b) 311, and (3c) 524.

Overall, Figure 5 contains energy dependencies of 36 transitions, which is a rather comprehensive set
of data for the benchmarking of new methods. In all these cases, the results of our AT-MQCT method
show very good systematic agreement with the full-quantum results of Dubernet and coworkers.(24) Some differences are present, but they are relatively small and typically vanish at high
collision energies. One possible source of small differences at higher energies is likely the fact that a
Kyro-type Hamiltonian for the water molecule was used by Dubernet and co-workers, while we employ
a simpler rigid-rotor model. Also, given the difficulty of achieving convergence of the full-quantum
calculations at high energies, we would cautiously assume that some of these differences may
originate in the full quantum calculations too. The AT-MQCT results are expected to be quite reliable in
the high-energy regime.
Moreover, it is also quite encouraging that, in the low-collision energy regime, the results of AT-MQCT
remain close to the full-quantum results that are considered to be exact. Out of 36 state-to-state
transition processes in this figure, we spotted only one transition (frame 1a, dashed vs solid black lines)
where the results of AT-MQCT calculations deviate significantly from the full-quantum results: 2110 →
0000 at collision energies below 10 cm–1. Note that this particular process has a number of narrow
resonances densely packed in the range of collision energies between 10 and 100 cm–1. These quantum
features cannot be described within the AT-MQCT method, which may explain the asymptotic
difference observed at very low collision energies in frame 1a of Figure 5.

Time-Dependent Insight from AT-MQCT

Indeed, quantum resonances are entirely absent in our calculations, but this is expected since the
adiabatic trajectory approximation by construct prohibits energy transfer in the first step of AT-MQCT
calculations and therefore disables the mechanism of Feshbach resonance formation.(47) If the
resonant behavior is present in the low-energy range and happens to be important, then the fullquantum calculations are probably indispensable.
However, there are a number of interesting phenomena where the MQCT results appear to capture
the physics correctly. Take a closer look at frame 3a, red lines, that describes the 4400 → 1112
transition. Notice that, among nine processes represented by red lines in Figure 5, this is the only one
that has no energy threshold! The value of the cross section keeps increasing as the collision energy is
decreased, and our AT-MQCT method (dashed red line) reproduces this behavior very well in
comparison with the full-quantum result (solid red line). This particular process can be thought of as a
direct energy exchange between the two collision partners: the hydrogen molecule is excited, 0 → 2,
while the water molecule is quenched, 440 → 111. Energy released by one molecule is sufficient to
excite the other molecule directly without using the kinetic energy of collision.
Since MQCT offers a useful time-dependent picture, we tried to gain more insight into this quasiresonant energy-exchange process. In Figure 6, we plotted the values of state populations along a
typical AT-MQCT trajectory with impact parameter b= 4.602a0, which corresponds to the orbital
angular momentum L = 6 at collision energy U= 56.5 cm–1. The population of the elastic channel
(survival probability) corresponds to the initial state 4400 of H2O + H2, i.e., hydrogen is in the ground
state, whereas water is excited. Figure 6 shows that the population of this state (black) drops quickly as
two molecules start colliding then it slightly oscillates right after the collision and finally goes to an
asymptotic value close to ∼0.8. The population of the final state 1112 (red in Figure 6) shows a roughly
opposite trend but is not a mirror image of the initial state population, and the final probability in the
1112 state is only ∼5.63 × 10–3 (notice the scale factor). Therefore, where does the rest of the initial
state population go?

Figure 6. Time evolution of state probabilities along a typical MQCT trajectory (see text) that indicate a direct
exchange of populations between the excited water state and the excited hydrogen state, a quasi-resonance
energy exchange process 4400 → 111.

We inspected the time evolution of all probability amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡), and computed the total
probability for the excitation of hydrogen to j2 = 2 (summed over all states of water molecule, namely,
0002, 1112, 2022, 2112, etc.) This dependence is shown in blue in Figure 6, and we see that it is closer to
the mirror image of the survival probability. The remaining small contribution is a probability for
hydrogen to survive in the ground state j2 = 0, while the water molecule is quenched and/or excited.
This missing piece is plotted in Figure 6 in green. Now, we see that, in a time-dependent picture, all
these energy exchange processes happen synchronously.

Discussion
Numerical Speedup

Now, let us address the question of a computational speedup of the MQCT method due to the
adiabatic trajectory approximation, AT-MQCT. The overall speedup is very substantial, but it comes
from two separate sources. The cost of running the first (adiabatic) step of the AT-MQCT calculations is
insignificant since the size of the adiabatic basis is rather small. Associated numerical costs can be
neglected for the sake of transparency.
One substantial contribution to the speedup comes from the fact that, in the second part of AT-MQCT
calculations, we only need to propagate the quantum system of equations for the probability
amplitudes, eq 5, instead of eqs 1–5 propagated together in the original CC-MQCT method. As
explained above, when the basis size is large, the cost of computing the average gradient and torque in
the right-hand sides of eqs 3 and 4 is dominant, and the overall cost associated with these two
classical-like equations is approximately 65% (in the original version of the MQCT method). However,
this is not anymore required in the AT-MQCT, so the numerical gain of the approximate method is
expected to be on the order of ×3. We carefully monitored the numerical cost of the full-coupled CCMQCT (the original method) and AT-MQCT calculations (new approximate method) and confirmed that
the acceleration close to the factor of three is indeed achieved in our code.
The second contribution to the speedup comes from the efficient adiabatic step-size predictor used to
accelerate integration of the quantum-like system of equations, eq 5, during the second step of the ATMQCT calculations. The associated computational speed-up can be obtained by determining the
number of time steps taken by the older version of the integrator with a constant step-size and the
new version with an adjustable step-size predictor and then dividing one by the other (note that both
versions use the RK4 integrator with the same numerical cost of one time step). We collected such
data in a series of the numerical tests, making sure that both the constant step-size and the variable
step-size calculations converge to about the same accuracy. We found that the numerical speed-up is
sensitive to the collision energy, and these data are presented in Table 1. They indicate that the
numerical gain associated with the adiabatic step-size predictor is very substantial. The largest
acceleration, by a factor close to ×70, is found at intermediate collision energies. At higher collision
energies, this is reduced to a factor of about ×33.

Table 1. Computational Speedup Due to Employment of the Adiabatic Step-Size Predictor in the AT-MQCT
Calculations at Different Values of the Kinetic Energy of Collision for the H2O + H2 System
U (cm–1)
20
30
50
200
500
700
2000
7000

speedup
22.5
25.8
32.2
49.5
69.5
63.7
48.0
33.1

Overall, taking into account both sources of the computational speedup, the AT-MQCT calculations
appear to be faster than the original MQCT method by a factor ranging from about ×200 at
intermediate scattering energies to about ×100 at high scattering energies. Since MQCT is more
reliable at high collision energies and the intended use of this approximate method is at high collision
energies, we can deduce, as a take-home message, that the adiabatic trajectory approximation within
the MQCT framework reduces the numerical cost of scattering calculations by 2 orders of magnitude.
This makes many previously expensive calculations quite affordable now. As an example, we want to
report the cost of the two runs we made during this work at collision energies of 500 and 2000 cm–
1 (the initial rotational state was 2 2 in both cases). These calculations were performed on a Cori
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computer at the NERSC(57) using only one node with 32 processors (2.3 GHz Intel Xeon). The wall-clock
time of the run at U = 500 cm–1 was about 9 min, while at U = 2000 cm–1, it was about 23 min. It should
also be taken into account that, out of this CPU time, only about 60% was spent on the actual
propagation of the MQCT equations of motion, while about 40% is an overhead of the code associated
with distribution of the initial data (array allocation, etc.) and collection of the final results (including
the MPI barrier). These costs can be substantially reduced by code optimization. It should also be kept
in mind that the cost of MQCT calculations depends on the level of rotational excitation since the
number of initial states to be sampled and the basis size itself both depend on 𝑗𝑗12. The corresponding
cost scales linearly as 2𝑗𝑗12 + 1.

On a Hierarchy of the Approximate MQCT Methods

The adiabatic trajectory approximation considered here, AT-MQCT, can be thought of as one member
of the family of approximate solutions of the MQCT equations of motion (eqs 1–5). Indeed, in the
second step of AT-MQCT calculations, the quantum-like system of coupled equations (eq 5) for the
probability amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡), is propagated, decoupled from the classical-like trajectory, and precomputed in an independent first run. However, using the same overall two-step approach, we could
explore various options for pre-computing the MQCT trajectory. Indeed, it does not necessarily have to
be an adiabatic single-state trajectory. One can include more than one rotational state in the basis
during the first run! Of course, this would increase the numerical cost of the first run but hopefully not
by much.

If we have a good physical intuition about what quantum states need to be included into the molecular
basis to pre-compute the trajectory, we could include these states into the basis of the first run right
away. Then, in a sense, we would operate with two basis sizes: one relatively small (reduced) basis for
pre-computing the mean-field trajectories and recording the R(t), Φ�(t), and V(t) dependencies and a
second (complete) basis for propagating the probability amplitudes, 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡), and computing the stateto-state transition cross sections. One can recall that similar algorithms of varying the basis size
between different stages of calculations are routinely used in the electronic structure theory.
If we do not know a priori what molecular states need to be included into the trajectory calculations,
we can either experiment by including several states energetically close to the initial state (since
transition probabilities normally decrease as 𝜀𝜀𝑛𝑛𝑛𝑛′ increases), or we could simply run the adiabatic ATMQCT calculations (both first and second steps since their cost is relatively low) and analyze their
results to identify the most important molecular states. Then, the basis for the mean-field trajectory
could be increased by including these states, and a new set of trajectory calculations is re-run with a
meaningful (still reduced) basis followed by the final propagation of the quantum eq 5 to
determine 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡) and calculate the cross sections. If needed, this procedure could be repeated in an
iterative fashion. Again, the exclusion of unnecessary states from the basis is often done in the
electronic structure calculations.
In order to demonstrate this general approach, we carried out some of such iterative calculations. The
results are presented in Figure 7 for the initial ground state of the H2O + H2 system, 0000, with 20
rotational states in the basis, same as in the calculations reported in Figure 1. The collison energy here
was U = 200 cm–1. Three sets of calculations are compared in Figure 7. Green bars correspond to the
AT-MQCT method with only one rotational state included into the basis to pre-compute the trajectory
info (the adiabatic trajectory approach). From these calculations, one can see that, in addition to the
initial ground state #1, six excited rotational states gain significant populations during the collision.
Large cross sections are found for states #2, 3, 5, 6, 8, and 15. In particular, state #15 at high energy
corresponds to the excitation of H2 to the j2 = 2 state. It makes sense to include these six excited states
for pre-computing the mean-field trajectory data. The results of such calculations with seven rotational
states in the basis (expanded relative to the adiabatic trajectory case but still reduced relative to the
overall basis of 20 states) are presented in Figure 7 by blue bars. They indicate a consistent trend
toward the results of the full-coupled CC-MQCT calculations shown by red bars (where all states are
included, and all equations of motion are propagated together in a coupled fashion).

Figure 7. Comparison of results of the single-state AT-MQCT method (green bars) with calculations where seven
rotational states are included in the trajectory prediction (blue bars) and with the full-coupled CC-MQCT
calculations in a basis of twenty rotational states (red bars). The initial state is the ground state 0000 of the H2O +
H2 system. The collision energy is 200 cm–1. Final states are listed along the horizontal axis. The values of
collision cross sections are plotted along the vertical axis using the log scale.

Therefore, we conclude that, in principle, one could employ a hierarchy of the approximate treatments
that converge monotonically to the most accurate solution, and thus one can always achieve the
desired degree of accuracy if needed. The single-state AT-MQCT method is a limiting case in this
hierarchy, which is also the fastest to run and the simplest to implement. Moreover, the results of
calculations presented in this work indicate that AT-MQCT is accurate enough for many applications
and thus is a good starting point of exploration of any molecular system. It may become the “work
horse” within the MQCT series of methods.
We also want to note that a similar hierarchy of approximations can be formulated without decoupling
the classical-like equations of motion (eqs 1–4) from the quantum-like equations for probability
amplitudes (eq 5). In this case, we would only talk about truncation of the triple sum in the right-hand
sides of eq 3 for the average gradient and eq 4 for the average torque. In a limiting case, the
summation would be restricted to the m states of one rotational channel that corresponds to the initial
state of collision partners (a.k.a. adiabatic), or one could expand this summation to include more
rotational states into the estimate of the right-hand sides of eqs 3 and 4, and, in principle, one could do
this iteratively, monitoring convergence. We tried some of such calculations too and found that they
also work and give some computational advantage relative to the full-coupled CC-MQCT. However,
without decoupling, it is harder to take full advantage of the computational speedup enabled by the
adiabatic step-size predictor.
Therefore, we have chosen to stick with the decoupled AT-MQCT method. This option is now coded
and will be made available to users in the new release of the program called MQCT 2020 that will
happen later this year.

Conclusions

In this paper, we reviewed the formalism of the mixed quantum/classical theory (MQCT) for
calculations of molecular inelastic scattering and proposed a hierarchy of the approximate methods for
solutions of the corresponding equations of motion. In the simplest limiting case, which we named ATMQCT, we decouple the classical-like equations of motion from the quantum like equations for the
propagation of probability amplitudes. The MQCT trajectories are pre-computed in the first step of
calculations where the driving forces are determined by the potential energy surface of the entrance
channel alone, which is an adiabatic trajectory (AT) approach. The quantum state-to-state transition
probabilities are computed during the second step with an expanded basis and using the precomputed
trajectory information for an efficient variable step-size integration.
This method was applied to a real system of H2O + H2, and it was found that a very significant
acceleration, by 2 orders of magnitude, is obtained at high collision energies. The results of the
approximate propagation scheme are still rather accurate, as determined by comparison against more
rigorous CC-MQCT calculations in which the quantum and classical equations of motion are propagated

together in a coupled fashion but also against the full-quantum CC calculations from the literature
(using the same potential energy surface).
Therefore, we conclude that our new AT-MQCT method represents a practical option for solving the
inelastic scattering problem at high collision energies and for complex molecular collision partners
(heavy molecules with many internal states and heavy collision partners), when the standard fullquantum calculations become computationally unaffordable. The next step would be to apply this
theory to much more demanding molecular systems and scattering processes, such as H2O + H2O
rotationally inelastic scattering. Another avenue of the research could be to replace the generic
Runge–Kutta integrator by another more specific routine, such as a velocity-Verlet,(58) a
preconditioned Lanczosh,(59) or a symplectic(60,61) integrator, in conjunction with the adiabatic stepsize predictor.
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